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1. Introduction
The study of spacelike hypersurfaces immersed in Lorentzian manifolds has been of relevant interest in recent years. In
particular, such hypersurfaces with constant mean curvature are solutions to a variational problem, namely, the problem of
ﬁnding critical points of the area functional under a given volume constraint.
Moreover, the classiﬁcation and the characterization of spacelike hypersurfaces with constant mean curvature are impor-
tant questions in Lorentzian geometry, mainly related to totally umbilical hypersurfaces, and there are many approaches in
this direction. Such results are known as Bernstein-type results. When one treats of spacelike hypersurfaces in a general-
ized Robertson–Walker (GRW) spacetime, which is a Lorentzian warped product spacetime −I × f Mn , where I is an open
interval of R, Mn is an n-dimensional Riemannian manifold and f is the warping function, conclusions on totally umbilical
hypersurfaces are replaced by results of characterization of spacelike slices, which constitute a special subclass of totally
umbilical spacelike hypersurfaces.
Before we get into details about our results, we shall give a brief summary of recent works in this theory.
Alías, Brasil and Colares derived some Minkowski-type integral formulas, obtaining uniqueness results for compact space-
like hypersurfaces immersed into GRW spacetimes under conditions on theirs r-mean curvatures. In particular, they prove
that the only n-dimensional compact spacelike hypersurfaces having Hr−1 and Hr both constant, 1  r  n − 1, are the
totally umbilical ones (cf. Theorem 5.2 [4]).
In [7], A. Caminha jointly with the third author has studied complete vertical graphs of constant mean curvature in the
steady state and hyperbolic spaces. Under appropriate restrictions on the values of the mean curvature and the growth of
the height function, they obtained necessary conditions for the existence of such a graph. In the 2-dimensional case they
applied their analytical framework to prove Bernstein-type results in each of these ambient spaces.
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State space (cf. [3]). Moreover, considering the generalized Robertson–Walker spacetime model of Hn+1, they extended their
results to a wider family of spacetimes.
Here, we consider the Riemannian manifold Mn as being the n-dimensional hyperbolic space Hn . Motivated by the
results stated in [4], among other works, it would be natural to consider complete spacelike hypersurfaces immersed in the
Lorentzian product −R×Hn with constant mean curvature H , replacing the assumption of compacity by a condition on the
height function, since that there are no compact spacelike hypersurfaces in a GRW spacetime with non-compact Riemannian
ﬁber (cf. Proposition 3.2 [6]). In our approach, the main analytical tool is the generalized maximum principle for complete
Riemannian manifolds due to H. Omori [8] and S.T. Yau [10]. We prove the following Bernstein-type theorem.
Theorem 1.1. Let ψ : Σn → −R × Hn be a complete spacelike hypersurface with constant mean curvature H. If the height function h
of Σn satisﬁes, for some constant 0< α < 1, |∇h|2  nαn−1 H2 , then Σn is a slice.
We also study complete spacelike hypersurfaces with constant mean curvature H and H2 bounded from below (or,
equivalently, |A|2 bounded from above), obtaining a similar result to Theorem 5.2 in [4].
Theorem 1.2. Let ψ : Σn → −R × Hn be a complete spacelike hypersurface with constant mean curvature H and H2 bounded from
below. If the height function h of Σn is such that |∇h|2  αn−1 |A|2 , for some constant 0< α < 1, where |A|2 denotes the squared norm
of the shape operator, then Σn is a slice.
The above results can also be stated in a non-parametric version in terms of entire spacelike vertical graphs in −R×Hn .
We shall point out that there are examples of complete and non-complete entire maximal graphs in −R × H2 (n = 2)
which are not slices (cf. [1]). By a maximal hypersurface (or, more generally, maximal submanifold) it is meant a spacelike
hypersurface (or submanifold) with zero mean curvature. Besides, the conditions on the growth of the height function can
be interpreted geometrically as a boundedness of the normal hyperbolic angle of the hypersurface (see Remark 3.4).
2. Preliminaries
In this section, we introduce some basic notations and facts that will appear along the paper.
In what follows, we deal with a spacelike hypersurface Σn immersed into an (n + 1)-dimensional Lorentzian product
space Mn+1 of the form R × Mn , where Mn is an n-dimensional connected Riemannian manifold and Mn+1 is endowed
with the Lorentzian metric
〈 , 〉 = −π∗
R
(
dt2
)+π∗M(〈 , 〉M),
where πR and πM denote the canonical projections from R×M onto each factor, and 〈 , 〉M is the Riemannian metric on Mn .
For simplicity, we will just write Mn+1 = −R × Mn and 〈 , 〉 = −dt2 + 〈 , 〉M . In this setting, for a ﬁxed t0 ∈ R, we say that
Mnt0 = {t0}×Mn is a slice of Mn+1. It is not diﬃcult to prove that a slice of Mn+1 is a totally geodesic hypersurface (see [9]).
We recall that a smooth immersion ψ : Σn → −R × Mn of an n-dimensional connected manifold Σn is said to be a
spacelike hypersurface if the induced metric via ψ is a Riemannian metric on Σn , which, as usual, is also denoted for 〈 , 〉. In
that case, since
∂t = (∂/∂t)(t,x), (t, x) ∈ −R × Mn,
is a unitary timelike vector ﬁeld globally deﬁned on the ambient spacetime, then there exists a unique timelike unitary
normal vector ﬁeld N globally deﬁned on the spacelike hypersurface Σn which is in the same time-orientation as ∂t . By
using Cauchy–Schwarz inequality, we get
〈N, ∂t〉−1< 0 on Σn. (2.1)
We will refer to that normal vector ﬁeld N as the future-pointing Gauss map of the spacelike hypersurface Σn .
Let ∇ and ∇ denote the Levi-Civita connections in −R × Mn and Σn , respectively. Then the Gauss and Weingarten
formulas for the spacelike hypersurface ψ : Σn → −R × Mn are given by
∇ X Y = ∇X Y − 〈AX, Y 〉N (2.2)
and
AX = −∇ X N, (2.3)
for every tangent vector ﬁelds X, Y ∈X(Σ). Here A :X(Σ) →X(Σ) stands for the shape operator (or Weingarten endomor-
phism) of Σn with respect to the future-pointing Gauss map N .
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Sr(p) = σr
(
κ1(p), . . . , κn(p)
)
, 1 r  n,
where σr : Rn → R is the elementary symmetric function in Rn given by
σr(x1, . . . , xn) =
∑
i1<···<ir
xi1 · · · xir
and κ1, . . . , κn are the principal curvatures of Σn .
Observe that the characteristic polynomial of A can be written in terms of the Sr as
det(t I − A) =
n∑
r=0
(−1)r Srtn−r,
where S0 = 1 by deﬁnition.
The r-mean curvature Hr of the spacelike hypersurface Σn is then deﬁned by(
n
r
)
Hr = (−1)r Sr(κ1, . . . , κn) = Sr(−κ1, . . . ,−κn).
In particular, when r = 1, H1 = − 1n
∑n
i=1κi = − 1n tr(A) = H is the mean curvature of Σn , which is the main extrinsic
curvature of the hypersurface. The choice of the sign (−1)r in the deﬁnition of Hr is justiﬁed by the fact that in this case
the mean curvature vector is given by
−→
H = HN and, therefore, H(p) > 0 at a point p ∈ Σn if and only if −→H(p) is in the
same time-orientation as N(p) (in the sense that 〈−→H ,N〉p < 0).
When r = 2, H2 deﬁnes a geometric quantity which is related to the scalar curvature S of the hypersurface, which is
intrinsic.
Now, we consider two particular functions naturally attached to a spacelike hypersurface Σn immersed into a Lorentzian
product space −R×Mn , namely, the (vertical) height function h = (πR)|Σ and the support function 〈N, ∂t〉, where we recall
that N denotes the future-pointing Gauss map of Σn and ∂t is the coordinate vector ﬁeld induced by the universal time
on −R × Mn .
Let us denote by ∇ and ∇ the gradients with respect to the metrics of −R × Mn and Σn , respectively. Then, a simple
computation shows that the gradient of πR on −R × Mn is given by
∇πR = −〈∇πR, ∂t〉∂t = −∂t, (2.4)
so that the gradient of h on Σn is
∇h = (∇πR) = −∂t = −∂t − 〈N, ∂t〉N, (2.5)
where ( ) denotes the tangential component of a vector ﬁeld in X(Mn+1) along Σn .
Thus, we get
|∇h|2 = 〈N, ∂t〉2 − 1, (2.6)
where | | denotes the norm of a vector ﬁeld on Σn . Since ∂t is parallel on −R × Mn , we have that
∇ X∂t = 0,
for every tangent vector ﬁeld X ∈ X(Σ). Writing ∂t = −∇h − 〈N, ∂t〉N along the hypersurface Σn and using formulas (2.2)
and (2.3), we get that
∇X∇h = 〈N, ∂t〉AX,
for every tangent vector ﬁeld X ∈X(Σ). Therefore, the Laplacian on Σn of the height function is given by
	h = −nH〈N, ∂t〉.
In particular, 	h = 0 for every maximal hypersurface in −R × Mn .
In addition, as a particular case of Corollary 8.2 in [5], we also obtain the Laplacian on Σn of the support function 〈N, ∂t〉.
Lemma 2.1. Let ψ : Σn → −R × Mn be a spacelike hypersurface with Gauss map N. Suppose that the Riemannian ﬁber Mn has
constant sectional curvature κ and that the mean curvature H is constant. Then
	〈N, ∂t〉 =
(
n2H2 − n(n − 1)H2 + (n − 1)κ |∇h|2
)〈N, ∂t〉.
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On the other hand, as in [9], the curvature tensor R of the spacelike hypersurface Σn is given by
R(X, Y )Z = ∇[X,Y ] Z − [∇X ,∇Y ]Z ,
where [ ] denotes the Lie bracket and X, Y , Z ∈X(Σ).
A well-known fact is that the curvature tensor R of the spacelike hypersurface Σn can be described in terms of the
shape operator A and the curvature tensor R of the ambient spacetime −R × Mn by the so-called Gauss equation given by
R(X, Y )Z = (R(X, Y )Z) − 〈AX, Z〉AY + 〈AY , Z〉AX, (2.7)
for every tangent vector ﬁelds X, Y , Z ∈X(Σ).
Consider X ∈X(Σ) and a local orthonormal frame {E1, . . . , En} of X(Σ). Then, it follows from (2.7) that the Ricci curva-
ture tensor Ric is given by
Ric(X, X) =
∑
i
〈
R(X, Ei)X, Ei
〉+ nH〈AX, X〉 + 〈AX, AX〉
=
∑
i
〈
R(X, Ei)X, Ei
〉+
∣∣∣∣AX + nH2 X
∣∣∣∣
2
− n
2H2
4
|X |2.
In the particular case where Mn = Hn is the hyperbolic space we have
〈
R(X, Ei)X, Ei
〉= −(〈X∗, X∗〉
Hn
〈
E∗i , E
∗
i
〉
Hn
+ 〈X∗, E∗i 〉2Hn),
where X∗ = X + 〈X, ∂t〉∂t and E∗i = Ei + 〈Ei, ∂t〉∂t are the projections of the tangent vector ﬁelds X and Ei onto Hn respec-
tively. Then, taking into account relation (2.5) and with a straightforward computation, we ﬁnally get
Ric(X, X) = −(n − 1)|X |2 − (n − 2)〈X,∇h〉2 − |∇h|2|X |2 +
∣∣∣∣AX + nH2 X
∣∣∣∣
2
− n
2H2
4
|X |2, (2.8)
for any X ∈X(Σ), where Σ is an immersed hypersurface in −R × Hn .
We also will need the well-known generalized Maximum Principle due to H. Omori and S.T. Yau [8,10].
Lemma 2.3. Let Σn be an n-dimensional complete Riemannian manifold whose Ricci curvature is bounded from below and
f :Σn → R be a smooth function which is bounded from below on Σn. Then there is a sequence of points {pk} in Σn such that
lim
k→∞
f (pk) = inf f , lim
k→∞
∣∣∇ f (pk)∣∣= 0 and lim
k→∞
	 f (pk) 0. (2.9)
3. Bernstein-type results in −R ×Hn
Throughout this paper, we consider ψ : Σn → −R×Hn a complete spacelike hypersurface with constant mean curvature
and the upper half-space model for the n-dimensional hyperbolic space, that is,
H
n = {(x1, . . . , xn) ∈ Rn; xn > 0}
endowed with the complete metric
〈 , 〉Hn = 1
x2n
(
dx21 + · · · + dx2n
)
.
Now, we present the proof of our results.
Theorem 3.1. Let ψ : Σn → −R ×Hn be a complete spacelike hypersurface with constant mean curvature H. If the height function h
of Σn satisﬁes, for some constant 0< α < 1,
|∇h|2  nα
n − 1H
2, (3.1)
then Σn is a slice.
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〈N, ∂t〉2 = 1+ |∇h|2  1+ nα
n − 1H
2,
with 0< α < 1, we have that the inﬁmum
inf
p∈Σ〈N, ∂t〉(p)
exists and is a negative number. On the other hand, from Lemma 2.1, we obtain
	〈N, ∂t〉 =
(
n2H2 − n(n − 1)H2 − (n − 1)|∇h|2
)〈N, ∂t〉
= (nH2 + n(n − 1)(H2 − H2)− (n − 1)|∇h|2)〈N, ∂t〉
 n(1− α)H2〈N, ∂t〉 0,
where we have used the Cauchy–Schwarz inequality, in order to obtain H2 − H2  0, and the assumption (3.1) in the last
inequality.
We also claim that the Ricci curvature tensor Ric is bounded from below on Σn . In fact, by using again the Cauchy–
Schwarz inequality in (2.8) we obtain
Ric(X, X)−
(
n − 1+ n
2H2
4
+ (n − 1)|∇h|2
)
|X |2, (3.2)
for any X ∈ X(Σn). Therefore, as a conclusion we get that if |∇h| is bounded from above, the Ricci curvature tensor is
bounded from below. Then, the proof of our claim follows from the assumption (3.1).
We are in conditions to apply Lemma 2.3 to the support function 〈N, ∂t〉, obtaining a sequence of points pk in Σn such
that (2.9) yields. Consequently,
0 lim
k→∞
	〈N, ∂t〉(pk) n(1− α)H2 inf
p∈Σ〈N, ∂t〉(p) 0.
Thus, since the inﬁmum of 〈N, ∂t〉 is negative, we conclude that H = 0 and |∇h| = 0. Therefore, the height function h of Σn
is constant, that is, Σn is a slice {t} × Hn for some t ∈ R. 
Theorem 3.2. Let ψ : Σn → −R × Hn be a complete spacelike hypersurface with constant mean curvature H and H2 bounded from
below. If the height function h of Σn is such that
|∇h|2  α
n − 1 |A|
2, (3.3)
for some constant 0< α < 1, where |A|2 denotes the squared norm of the shape operator, then Σn is a slice.
Proof. One more time, we can consider N the future-pointing Gauss map of Σn . Since that |A|2 = n2H2 − n(n − 1)H2, it
holds that supp∈Σ |Ap|2 < +∞.
Reasoning as in the proof of Theorem 3.1, we show that infp∈Σ 〈N, ∂t〉(p) exists and it is negative, and that the Ricci
curvature tensor of Σn is bounded from below. Moreover, from Lemma 2.1
	〈N, ∂t〉 =
(|A|2 − (n − 1)|∇h|2)〈N, ∂t〉 (1− α)|A|2〈N, ∂t〉 0. (3.4)
An other application of the Omori–Yau generalized maximum principle to the support function 〈N, ∂t〉 guarantees the
existence of a sequence of points pk ∈ Σn such that limk→∞ 	〈N, ∂t〉(pk) 0 and limk→∞〈N, ∂t〉(pk) = infp∈Σ 〈N, ∂t〉. Con-
sequently, limk→∞〈N, ∂t〉2(pk) = supp∈Σ 〈N, ∂t〉2.
Thus,
0 lim
k→∞
	〈N, ∂t〉(pk) (1− α) lim
k→∞
|A|2(pk) inf
p∈Σ〈N, ∂t〉 0.
It follows that limk→∞ |A|2(pk) = 0. Now, by using the hypothesis (3.3), we obtain that limk→∞ |∇h|2(pk) = 0, what it
implies by relation (2.6) that supp∈Σ 〈N, ∂t〉2 = limk→∞〈N, ∂t〉2(pk) = 1. But 〈N, ∂t〉2  1, hence, 〈N, ∂t〉2 ≡ 1 and, therefore,
Σn is a slice. 
Remark 3.3. We observe that, from the Cauchy–Schwarz inequality, we get nH2  |A|2 and, consequently, the hypothe-
sis (3.3) is less restrictive than the hypothesis (3.1), what justiﬁes the previous result.
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notion of normal hyperbolic angle. More precisely, if ψ : Σn → −R×Hn is a spacelike hypersurface oriented by the timelike
unit vector ﬁeld N such that 〈N, ∂t〉 < 0, the normal hyperbolic angle θ of ψ is the smooth function θ : ψ(Σ) → [0,+∞) such
that cosh θ = −〈N, ∂t〉 1. Thus, we easily verify that |∇h|2 = cosh2 θ − 1.
In this context, Theorems 3.1 and 3.2 can be rewritten in the following way.
Corollary 3.5. Letψ : Σn → −R×Hn be a complete spacelike hypersurface with constant mean curvature H. If the normal hyperbolic
angle θ of Σn satisﬁes
cosh2 θ  1+ nα
n − 1H
2,
for some constant 0< α < 1, then Σn is a slice.
Corollary 3.6. Let ψ : Σn → −R × Hn be a complete spacelike hypersurface with constant mean curvature H and H2 bounded from
below. If the normal hyperbolic angle θ of Σn satisﬁes
cosh2 θ  1+ α
n − 1 |A|
2,
for some constant 0< α < 1, where |A|2 denotes the squared norm of the shape operator, then Σn is a slice.
4. Entire spacelike vertical graphs in −R ×Hn
Let Ω ⊆ Hn be a connected domain of the n-dimensional hyperbolic space. A vertical graph over Ω is determined by a
smooth function u ∈ C∞(Ω) and it is given by
Σn(u) = {(u(x), x); x ∈ Ω}⊂ −R × Hn.
The metric induced on Ω from the Lorentzian metric on the ambient space via Σn(u) is
〈 , 〉 = −du2 + 〈 , 〉Hn . (4.1)
The graph is said to be entire if Ω = Hn . It can be easily seen that a graph Σn(u) is a spacelike hypersurface if and only
if |Du|2 < 1, being Du the gradient of u in Ω and |Du| its norm, both with respect to the hyperbolic metric 〈 , 〉Hn in Ω .
Note that every complete spacelike hypersurface in −R×Hn is an entire spacelike vertical graph in such space. For a proof
of this fact, see for instance the proof of Lemma 3.1 in [6] and Lemma 3.1 in [2].
If Σn(u) is a spacelike vertical graph over a domain, then the vector ﬁeld
N(x) = 1√
1− |Du|2
(
∂t |(u(x),x) + Du(x)
)
, x ∈ Ω,
deﬁnes the future-pointing Gauss map of Σn(u). Moreover, the shape operator A of Σn(u) with respect to N is given by
AX = − 1√
1− |Du|2 DX Du −
〈DX Du, Du〉Hn
(1− |Du|2)3/2 Du,
for every tangent vector ﬁeld X on Ω , where D denotes the Levi-Civita connection in Ω with respect to the metric 〈 , 〉Hn
(cf. [1]). It follows from here that the mean curvature of a spacelike graph Σn(u), H(u) = − 1n tr(A), is given by
nH(u) = Div
(
Du√
1− |Du|2
)
,
where Div stands for the divergence operator on Ω with respect to the metric 〈 , 〉Hn .
In this context, we obtain a non-parametric version of Theorem 3.1.
Theorem 4.1. Let Σn(u) be an entire spacelike vertical graph in −R × Hn with constant mean curvature H. If the function u is such
that
|Du|2  nαH
2
n − 1+ nαH2 , (4.2)
for some constant 0< α < 1, then Σn(u) is a slice.
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the Cauchy–Schwarz inequality we get
〈X, X〉 = 〈X, X〉Hn − 〈Du, X〉2Hn 
(
1− |Du|2)〈X, X〉Hn ,
for every tangent vector ﬁeld X on Σ . Therefore,
〈X, X〉 c〈X, X〉Hn ,
for the positive constant c = n−1
n−1+nαH2 . This implies that L 
√
cLHn , where L and LHn denote the length of a curve on Σ
with respect to the Riemannian metrics 〈 , 〉 and 〈 , 〉Hn , respectively. As a consequence, as the hyperbolic metric is complete,
then the induced metric on Σn(u) from the metric of −R × Hn is also complete.
On the other hand, we have that
N = −〈N, ∂t〉∂t + N∗,
where N∗ denotes the projection of N onto the factor Hn . Consequently, from (2.5)
N∗ = −〈N, ∂t〉∇h
and
|∇h|2 = 〈N∗,N∗〉
Hn
.
Thus, since
N = 1√
1− |Du|2 (∂t + Du),
we get
|∇h|2 = |Du|
2
1− |Du|2 .
Therefore, the condition (4.2) guarantees that |∇h|2  nαn−1 H2, with 0 < α < 1 constant, and the result follows from Theo-
rem 3.1. 
In an analogous way, we can also obtain the following non-parametric version of Theorem 3.2.
Theorem 4.2. Let Σn(u) be an entire spacelike vertical graph in −R × Hn with constant mean curvature H and H2 bounded from
below. If the function u is such that
|Du|2  α|A|
2
n − 1+ α|A|2 , (4.3)
for some constant 0< α < 1, where |A|2 denotes the squared norm of the shape operator, then Σn(u) is a slice.
Remark 4.3. As already observed in Section 2, trivial examples of maximal spacelike hypersurfaces in a Lorentzian product
space −I × Mn are the spacelike slices {t} × Mn . In [1], the ﬁrst author obtained new explicit examples of complete and
non-complete entire maximal graphs in −R×H2. Finally, we also note that the ﬁrst author jointly with L.J. Alías gave in [2]
a Calabi–Bernstein theorem for maximal surfaces immersed into the Lorentzian product space −R × M2, where M2 is a
connected Riemannian surface of non-negative Gaussian curvature.
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